We study the Kuramoto transition of oscillators in random network and Barabáshi-Albert network model. In both cases, the results of numerical simulation show good coincidence with the mean-field analysis.
However, this discrepancy may be due to the difference of the order parameter. Moreno and Pacheco used e iθ , where · · · means the average over all nodes, as the order parameter. On the other hand, our paper used ke iθ / k as the order parameter, where k is the degree of each node. The difference of the order parameter will lead to the inconsistence of the critical coupling. Moreover, we note the coupling dependence of the order parameter may be different from that in globally coupled oscillators. As we showed, 7) the critical coupling is not proportional to √ K − K c in the scale-free network at N → ∞, since the higher-order term in the amplitude equation is not negligible. The coefficients of the higher-order term in the amplitude equation diverges at N → ∞, which makes the determination of the critical coupling difficult.
Of course, there is a possibility that K c for random network is different from that for the BA model. Though many numerical results suggest that the BA network seems similar to the random scale-free network, we should be careful to state that the synchronization in the BA network is essentially same as that in the random network. In this study, we carry out the simulation for scale-free random network model and the BA model, and investigate the difference of the synchronization in each model.
The model we study is coupled phase oscillators, whose dynamics are described by
where θ i and ω i are the phase and velocity of oscillator at node i, respectively. a i,j is the adjacent matrix that describes the network. If node i and j are connected, a i,j = 1 and otherwise a i,j = 0. In this paper, we examine the synchronization on two network models. First one is the scale-free network produced by the BA model. In our simulation, we use the network whose mean degree is k = 10.0. Such a network can be produced by repeatedly adding new nodes which have 5 edges. The other network is the random networks that have the same degree distribution as the BA model. From our previous studies on random networks, the synchronization of this network will be well described by the mean-field approximation. We assume that the distribution of ω i is given by
. Before presenting the results of simulations, we summarize the results of the mean-field approximation. 6), 7) The mean-field analysis of random network models shows that the order parameter is given by r = k i e −iθ i / k i , where k i is the degree of node i. We note that this order parameter coincides with that for globally coupled oscillator, e −iθ i , if we take P (k i ) = δ(k i − N + 1) at N → ∞. Using this order parameter, the phase distribution ρ is given by
where C(k, ω) is the normalization factor that makes ρ(θ, ω, k)dθ = 1. We note that ρ depends on not only ω but also k, the degree of the node. This dependence does not appear in globally coupled oscillators. In addition, the center-manifold reduction of the Kuramoto transition suggests that the singularity of the order parameter at K = K c is strongly suppressed in random scale-free networks. First we show the coupling dependence of the order parameter. In Fig. 1 , we plot the mean value of order parameter k i e iθ / k i for the both model over 50 samples.
In the case of N = 1000, the order parameter strongly fluctuates. This suggests that at small N the fluctuation is so strong that we cannot obtain reliable order parameter from 50 samples. However, at N = 8000 the order parameter smoothly depends on the coupling. There is no significant difference of the order parameter between two network models at N = 8000. This result suggests that the Kuramoto transition in the BA network is similar to that in the random scale-free network model. We also note that the coupling dependence of the order parameter seems different from the globally coupled model, r ∝ √ K − K c . As K decreases, the order parameter smoothly goes to 0. This result coincides with the analysis of our previous paper. 7) In the previous paper, we investigated the amplitude equation of the order parameter r, dr dt = p 0 r + p n r 2n+1 , and found that p n diverges in random scale-free network at N → ∞. Since the square-root dependence of r on K − K c is observed only when higher-order term of the amplitude equation can be neglected, it is not observed in scale-free networks.
One of the important results obtained from mean-field theory is the correlation between distribution of phase and degree, given by Eq. (2). In Fig. 2 , we plot the distribution of phase for the random and BA network at k = 5 and 12, K = 0.10, N = 4000. The distribution of phase ρ shows good coincidence between these two models. In both models, the distribution of θ is well described by Eq. (2). This result strongly suggests that the Kuramoto transition in the BA model can be approximated by that in the random scale-free network model. Therefore we conclude that the Kuramoto transition in the BA model is the same as that in random scale-free network model, both qualitatively and quantitatively.
In conclusion, we study the Kuramoto transition in the scale-free random network model and the BA model. The result of the scale-free random network model coincides with the mean-field analysis, and the result of the BA model shows no inconsistency with that of the random network model. These results suggest that the Kuramoto transition in the BA model is qualitatively and quantitatively the same as that in the random network model. We also note that the relaxation time estimation by Moreno and Pacheco also suggests the validity of the mean-field analysis in the BA model. They estimated the relaxation time τ , the time for synchronization of the node whose degree is k from numerical simulation. They concluded τ is proportional to k −ν , where ν = 0.96. On the other hand, the mean-field analysis predicts ν = −1, because each oscillator couples to the mean-field with strength proportional to Kk. The value obtained by the mean-field approximation is very close to the one obtained by their simulation, and this result strongly suggests that the mean-field theory works well for the synchronization in the BA network. We acknowledge Y. Nishiura, T. Yanagita, M. Iima and Y. Nakao for fruitful discussion.
